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Monte Carlo simulation of Switch-Time distribution
Pavel Stoynov
Perun R&D Academy, Sofia, Bulgaria
pavel todorov stoynov@yahoo.com

Abstract.

The linear combination of Cumulative Distribution Functions (CDF) or Probability Density Function
(PDF) with positive weights summing up to one is again a CDF, or PDF respectively. This fact can be used for
expressing a probability distribution function in a simpler form and is the basis of the composition method for
Monte Carlo simulation of random numbers from some mixed distributions.

In this article, we consider the composition method for Monte Carlo simulation of random numbers from
Switch-Time (ST) distribution.

Keywords: switch-time distribution; Monte Carlo simulation; composition method.

Introduction

The Monte Carlo technique (Metropolis, 1953; Hastings, 1970) is based on repeated generation of
random numbers (Campolietti, 2014; Voitishek, 2006).

The linear combination of Cumulative Distribution Functions (CDF) or Probability Density Function
(PDF) with positive weights summing up to one is again a CDF, or PDF respectively. This fact can be used for
expressing a probability distribution function in a simpler form and is the basis of composition method for Monte
Carlo simulation of random numbers from some mixed distributions (Campolietti, 2014).

In this article, we consider the composition method for Monte Carlo simulation of random numbers
from Switch-Time (ST) distribution (Stoynov 2016, 2019).

To code the algorithms, we use the programming language R (Show, 2017; Kabacoff, 2015).

The main approach
Let & be a random variable with PDF f (X) and let f (X) can be presented as a linear combination of

m other density functions f,(X), f,(X),..., f,(X). So, we have f(X)= ZWJ- f;(X), xeR, where
j=1

m
W; >0, forevery j=12,...,m and Z;Wj =1.
J:
In this case, the PDF f (X) is called mixture PDF. The support of f(X) is a union of the supports of
f, (%), f,(X),..., T, (X). If the intersection of any two supports of f; (X) is empty, the mixture is also called

stratification.
To simulate the random variable & with a mixture PDF, we use the following Composition Sampling

Method (Shaw, 2017):
1. As input, we take W;, j=12,...,m and fj, j=12,...,m.
2. We generate D from the probabilities P(D =Kk) = w;, j=12,...,m.
3. We generate £ from the PDF f (X).
4. We return &.

Switch-time distributions

Switch-Time (ST) distributions are presented in details by Stoynov (2016, 2019). Different aspects of
ST distributions were considered in Stoynov (2019, 2022). Here we just remember some basic facts about these
distributions.
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The random variable & with ST distribution has probability density function
c(n,pe™@+x)", x>0
u(m={ (n. A (1+x)

@
0,x<0,
where C(n, ) are normalizing coefficients for which
1
C(n p)= @
L(n, 5)
and
I(n,p) = iooe‘/’t (L+t)"dt =
T
®)

=je-ﬂf(1+t)“dt
0

Monte Carlo simulation of random variable having ST distribution is based on the following theorem
presented in (Metropolis et al., 1959):

Theorem 1. The probability density function f.(x) for X >0 of the random variable & € ST (n, )

can be presented as a mixture of Erlang distributions:
n+1

f.()=>P(D" =k)f_, (x), @)

where D" are random variables with parameter n, taking values k =1,...,(n+1) with probabilities

p(D" k= COAN_
A(n—k +1)!

distribution G* F(k,lj = Erlang(k,lj.
B p

Proof: We have:

=1...,(n+1), and G* is a random variable with parameter K, having

C(n, e L+x)" =

- C(n,ﬂ)eﬁxzn:(::}x" =

- iC(n,ﬁ)(ijke‘/”x -

& C(n, Bt prixke
&AM n-k) Kk

=Y P(D" =k+D)f . (x)=
k=0

B n+l C(n,ﬁ)n! ﬂkxk—le—p’x _
& B -k+)! (k-1!

®)

n+l

=3 P(D" = k) f, (x| D" =k) =

n+l

=3 P(D" = k) f, ().

The result of this theorem we use in the next section.
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Application of composition sampling method to
Switch-time distribution

To simulate ST distribution using the Composition Sampling Method (Campolietti and Makarov, 2014),
we use the result of Theorem 1. For & € ST (n, ) we apply the presentation in (4).
Applying this approach, we derive the following Monte Carlo algorithm for simulating ST distribution:
1. As input information we have: the parameters of the distribution n and /.
2. We repeat the following iteration:
2.1. We generate a value kK e{L,...,(n+1)} of the random variable D" using probabilities

i Cpn
P(D _k)_ﬂk(n_k+1)!,k 1., (n+1).

2.2. We generate a value X of the random variable G K with parameter K, having distribution

G e F[k,iJ = Erlang(k,ij.
B B

2.3. We return X as value of the random variable & € ST (n, £3).

3. The number of iterations m can take different values.
4. Using the generated sequence, we may approximate different quantities related to ST distribution,
like mean, variation, empirical distribution etc.

Numerical experiments with R

As numerical examples, we present simulations of ST(0,1), ST(1,1) and ST(2,1) distributions.
The R code for simulating ST(0,1) distribution with 10 iterations is presented on Figure 1.

N<-10

ST _n<-0

ST _beta<-1
ST_simulated<-1:N
for (i in 1:N)

{
ST_simulated[i]<-rgamma(1,ST_n+1,1/ST_beta)
}

Fig. 1. R code for simulation of ST(0,1) distribution with 10 iterations.

The output is presented in Table 1.

Table 1. The simulated values from ST(0,1) distribution with 10 simulations.

Number of iteration | ST(0,1) simulated value
1 0.3259309
2 1.3749967
3 0,8733983
4 2.0158807
5 0.3631403
6 0.3314720
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7 0.1879224
8 0.9025136
9 4.3076417
10 2.7448360

The R code for simulating ST(1,1) distribution with 10 iterations is presented on Figure 2.
The output is presented in Table 2.

ST n<-1

ST beta<-1

#In_beta function

In_beta<-function(n,beta, recursive=TRUE)

{if (n==0) return (1/beta) else return ((1/beta)+(n/beta)*In_beta(n-1,beta))}

#Cn_beta function
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}

#FDn_inverse function

#n>0
FDn_inverse<-function(y,n,beta){
Dn_prob<-1:(n+1)

for (i in 1:(n+1))

Dn_prob[i]<-(Cn_beta(n,beta)*factorial(n)/(beta”i*factorial(n-i+1)))

Prob_acum<-Dn_prob[1]+Dn_prob[2]
for (kin 1:n)

{

if (y< Prob_acum) return (k)

else
Prob_acum<-Prob_acum+Dn_prob[k+2]
}

return(n+1)

}

Dn_prob<-1:(ST_n+1)

for (iin 1:(ST_n+1))

{
Dn_prob[i]<-(Cn_beta(ST_n,ST_beta)*factorial(ST_n)/(ST_beta*i*factorial(ST_n-i+1)))
}

ST_simulated<-1:N

Dn_simulated<-1:N

for (i in 1:N)

{

St_unif_value<- runif(1, min = 0, max = 1)
Dn_simulated[i]<-FDn_inverse(St_unif value,ST_n,ST_beta)
ST_simulated[i]<-rgamma(1,Dn_simulated[i],1/ST_beta)

}

Fig. 2 R code for simulation of ST(1,1) distribution with 10 iterations.

Table 2. The simulated values from ST(1,1) distribution with 10 simulations.

Number of iteration ST(1,1) simulated

value
1 0.9658339
2 0.2706930
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3 0.4928619
4 1.3158975
5 0.2554345
6 0.9130880
7 0.3471026
8 0.1748429
9 1.5303544
10 0.2364177

ST_n<-2

ST beta<-1

#In_beta function

In_beta<-function(n,beta, recursive=TRUE)

{if (n==0) return (1/beta) else return ((1/beta)+(n/beta)*In_beta(n-1,beta))}

#Cn_beta function
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}

#FDn_inverse function

#n>0
FDn_inverse<-function(y,n,beta){
Dn_prob<-1:(n+1)

for (i in 1:(n+1))

{
Dn_prob[i]<-(Cn_beta(n,beta)*factorial(n)/(beta”i*factorial(n-i+1)))

Prob_acum<-Dn_prob[1]+Dn_prob[2]
for (kin 1:n)

{

if (y< Prob_acum) return (k)

else
Prob_acum<-Prob_acum+Dn_prob[k+2]
}

return(n+1)

}

Dn_prob<-1:(ST_n+1)

for (iin 1:(ST_n+1))

{
Dn_prob[i]<-(Cn_beta(ST_n,ST_beta)*factorial(ST_n)/(ST_betai*factorial(ST_n-i+1)))
}

ST_simulated<-1:N

Dn_simulated<-1:N

for (iin 1:N)

{

St_unif_value<- runif(1, min = 0, max = 1)
Dn_simulated[i]<-FDn_inverse(St_unif_value,ST_n,ST_beta)
ST_simulated[i]<-rgamma(1,Dn_simulated[i],1/ST_beta)

}

Fig. 3 R code for simulation of ST(2,1) distribution with 10 iterations.

The R code for simulating ST(2,1) distribution with 10 iterations is presented on Figure 3.
The output is presented in Table 3.
Here we provide some additional remark related to Theorem 1.
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1
One corollary of Theorem Listhat £| D" = ErIang(D” E]

Also, we could consider the variables D"=D" —1, taking values k =0,...,n with probabilities

~ n, A)n!
P k)= (LA
B (n—k)!

In the special case when of ST distribution of type ST(1,b) which is actually Lindley distribution with
parameter b, we have the presentation

=0,...,n.

_P s _
fg(x)_ﬂJrle @+x) =

p
=51 Pt t 115’ xe ®)
= ppe ™ +(1-p)pixe”,
where p = L
f+1
Table 3. The simulated values from ST(2,1) distribution with 10 simulations
Number of iteration ST(2,1) simulated
value
1 0.1260225
2 3.1695044
3 0.5714216
4 2.0577410
5 1.1900808
6 0.5791173
7 1.5522574
8 1.4666762
9 0.3122641
10 0.7756049

f.(x)= s e X(1+x) =

p+1
B g,
ﬂ+1ﬁ ﬁ+1'B e ©
=ppe” +(1-p)B°xe”,
where p:%.

This presentation is actually discrete mixing of exponential distribution and Erlang distribution of type
Erlang (2, ).

Kyklg-
To remember that the Erlang distribution has probability density function f, (X;k, ) = pxe”

(k—1)!
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In the special case when of ST distribution of type ST(2,b) the probability density function is

—— b e *(L+x)* =

p+20+2

f.(xX)==C(Be™(1+x)?* x>0 )
0, x<0.

This is actually weighted exponential function with weighting function (L+ X)2. This probability
density function is close to the probability density function of Lindley distribution, where the weighting function
is W(X) =1+ X. Also, this probability density function is close to the probability density of gamma distribution

where the weighting function is W(X) = X .

Conclusion

Applying the composition sampling method for simulation of ST distribution is an effecting approach for
obtaining samples of this kind of distribution.

We demonstrated this for several types of ST distribution: with parameters b=1 and n=0,1,2
correspondingly.
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ST, DST and ST-based neurons

in neural networks
Pavel Stoynov,
Perun R&D Academy

pavel todorov stoynov@yahoo.com

Abstract.

In this article some neurons using ST activation function and similar to them are considered. The article is
further development of the research in Stoynov (2016), Stoynov (2021) and stoynov (2022).

Keywords: ST activation function, DSTO01 neurons, DSTO1LU neurons.

Introduction

The most natural way to introduce nonlinearity into neural networks is through the nonlinear activation
function of the neurons' output.

An overview of the different activation functions used in neurons is for example done by Szandala
(2019).

Among the most commonly used are ReLU (Rectified Linear Unit), sigmoid, hyperbolic tangent, Swish
(Ramachandran et al., 2017, 2017a) and others.

If is the internal output of the neuron (the output before applying the nonlinearity), then the ReLU
function has the form

L(n,)=max(0,n,)=n,,.
The sigmoid function has the form

1
L(nkt) = ﬁ
The hyperbolic tangent function is defined by the equality
gl —e ™M
T(Ne)=——"—.
e +e ™
The Swish function has the form
n
T 14e™

The cumulative Gaussian function is given by the equality

(n,) = [—==e > dx.

J2z

The author's proposal is to use the so-called ST activation function, which uses the density of the
probability distribution of switches (Switch-Time — ST).

A random variable & with a switching distribution ST(n,8) has a density

L0 = {C(n,ﬁ)e‘ﬁX (1+x)", x>0

0,x<0,
where C(n, /) are normalization coefficients for which
1
C(n,B) =
1(n, 5)
and

I(n,B) = %Te"" (L+t)"dt = Te—ﬁ‘ (L+1t)"dt.

10
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2
In private cases when N =0, Nn=1and n=2 the equalities C(0, 8) =4, C@L pS) = ﬂﬂ 1 and
+

’BB
C2p)=—""
L +20+2

Some specific special cases of the distribution are:
1. Exponential distribution: ST (0, £) = Exp(5).

2. Lindley distribution: ST (1, #) = L(f). A random variable & with Lindley distribution has
density

apply accordingly.

2
ﬂ—e‘ﬁx(1+ X), x>0

f.(x)=1p+1
0,x<0.
3. The distribution ST (2, /). The random variable & with distribution ST (2, ) has density
3
Z’B—e’ﬁ’X 1+x)%, x>0
f.(x)=18"+2p+2
0,x<0.

Using the ST distribution thus represented, an ST activation function with a threshold of zero can be
introduced where

B .[C(n,b)e’bt(1+t)”dt, Ne =0,
“Jo

th
0,n, <0.
ST(5,0.3)
o
N
o
w0
2
2 2
G o

000 005
| 1

0 20 40 60 80 100

X

Figure 1. Density of ST distribution with parameters ST (n =5, # =0.3).

11



JFAMM-11-2023

ST(5,1)

f(x)
010 015 020
| I I

0.05
1

0.00
1

0 20 40 60 80 100

X

Figure 2. Density of ST distribution with parameters ST(n =5, # =1).

$T(100,2)

0.15
1

f(x)
0.10
1

0.00
1

0 20 40 60 80 100

X

Figure 3. Density of ST distribution with parameters ST (n =100, S = 2).

This function depends on two parameters - parameter N and parameter b. Standard ST activation
functions can be obtained by certain selection of these two parameters.
At =0 and b =1 a standard exponential activation function is obtained, which has a threshold of
zero:
Nig
J'e’tdt =1-e™, n, >0,
N, = 5

0,n, <0.

ST_CDF(0,1)

1.0

08
1

f(x)

04

02

00
L

Figure 4. Plot of ST activation function with zero threshold and parameters N =0 and b =1.
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The graph of this function is presented in Figure 4. At infinity the graph tends asymptotically to unity.
At n=1and b =1 we get a standard Lindley activation function, again with zero threshold:

.[le" Q+t)dt=1—-e™ —Enkte*"" N, >0,
=132 2

N
0,n, <0.
The graph of this function is presented in Figure 5. At infinity the graph tends asymptotically to unity.
ST_CDF(1,1)
o 2 4 6 8w

Figure 5. Plot of ST activation function with zero threshold
and parametersn =1 and b =1.

At n=2 and b =1 we get an ST(2,1) activation function, again with threshold zero:
Mg
1 _ 4 _ 1 _
j—e’t L+t)’dt=1-e™ —=n.e™ —=n2e™,n, >0,
N =135 5 5

0,n, <0.
The graph of this function is presented in Figure 6. At infinity the graph tends asymptotically to unity.

ST_CDF(2,1)

fix)
06 08 1.0
1

04

02
I

Figure 6. Plot of ST activation function with zero threshold
and parameters N =2 and b =1.

The double ST distribution (DST distribution) has the density function

1C(n,b)e’bx(1+ X)", x>0,
s:(X) =
EC(n,b)ebX(l— x)",x <0.

The graph of this function at N =0 and b =1 is presented in Figure 7.

13
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ST TWO-SIDE PDF(0,1)

Figure 7. Density plot of double ST distribution
with parameters N =0 and b =1.

The graph of double ST-density at N =1 and b =1 is presented in Figure 8.

ST TWO-SIDE PDF(1,1)

05
|

04

03
I

02
|

0.1

Figure 8. Density plot of double ST distribution
with parameters N =1 and b =1.

The graph of double ST-density at N =2 and b =1 is presented in Figure 9.

ST TWO-SIDE PDF(2,1)

05

04

03
1

02
L

0.1

0.0
I

Figure 9. Density plot of double ST distribution
with parameters N =2 and b =1.

This distribution makes it possible to define non-threshold activation functions. The general appearance
of the non-threshold ST activation function is:

14
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1 1
_+_

. >+ j C(n,b)e 1+ x)"dx, n, >0,
0

o %IC(n,b)ebX(l—x)”dx, N, <O.

This function depends on two parameters - the parameter N and b. The standard non-threshold ST
activation functions can be obtained by certain selection of these two parameters.

At N=0 and b=1 we get the standard double-exponential activation function, also called the
Laplacian activation function:

1+1J.e‘xdx:1—1e"‘kt, n, >0,
2 29 2

Kt — N
% Iexdx :%e”“ N, <0.

At n=1and b =1 we get a standard ST(1,1) Lindley activation function:

1 1%1 1 . 1
4+ | Ze'@+t)dt=1-=e™ —Zn_e ™ n, >0,
2 2!2 -+ 2 4" K

A PR 1.1
EJ‘EQX(l—X)dX :Eenkt —antenk‘ y N < 0.
At n=2 and b =1 the ST(2,1) activation function is obtained:
1 1%1 1 2 1
T+ Ze*(@+x)dx=1-=e™ —Zn.e™ ——n2e™ n. >0,
2 2 !5 d+x) 2 5 ¢ 10 “ “

N, =

Nit
1 _|.1eX 1-x)*dx = Len _2 n.e™ +ink2tenh , Ny, <0.
295 2 5 10

The neurons using ST and DST activation function we call ST and DST neurons correspondingly. The
neurons using activation functions combining ST and DST with other activation function we call ST-based
neurons.

In some of the types of ST neurons, the speed of convergence of the activation function is lower, and
therefore a larger number of iterations is needed when training the neural networks.

Therefore, when a higher convergence rate is sought, ST neurons are more useful in combination with
neurons with other activation functions, such that ST neurons can be used in the output layers of the network,
while the hidden layers can use, for example, a hyperbolic tangent as activation function.

Another possibility is to combine an activation function of type ST with popular types of activation
functions such as RELU. Thus, the activation function of a DSTO1LU neuron is set by the equality

Ng, N =0,

N, =41

“ 1J.exdx—lzle”“—l,nkt<0.
2 2 2 2

DSTO1LU neurons and similar to them are interesting alternatives of the standard conventional neurons
used today in neural networks.

Conclusion

Neurons of type ST, DST and ST-based are interesting alternatives of the nurons using the standard
popular types of activataion functions in neural networks.

Further research on thir characteristics and possible applications should be performed as following step of
studiing these types of neurons.

15
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Appendices

Appendix 1. Code in R related to ST neurons

#ST(n,beta) graphics
beta<-0.3
n<-5
In_beta<-function(n,beta, recursive=TRUE)
{if (n==0) return (1/beta) else return (1/beta+n/beta*In_beta(n-1,beta))}
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}
STn_beta<-function(x,n,beta){Cn_beta(n,beta)*(1+x)"*n*exp(-x*beta)}
m<-10000
STn_beta_values<-0:m
T<-100
tvec<-T*0:m/m
for (i in 1:m) {
STn_beta_values[i]<-STn_beta(i*T/m,n,beta)
}

freq<-10 # take out every 1000th point in the simulation & plot it

pick<-freq*(0:(m/freq))+1

title<-paste("ST(", round(n,1), ",",round(beta,1), ")")
plot(tvec[pick],STn_beta_values[pick],type="l' xlab="x" ylab="f(x)",main=title,ylim=c(0,0.2))

#D2 simulation

n<-2

m<-100

Pr<-0

beta<-3

Dn_values<-1:(n+1)

#Dn_prob<-(1:m,1:(n+1))

Dn_prob <- matrix(1:m*(n+1), ncol = (n+1), nrow = m)

for (iin 1:m) {
beta<-i
Dn_prob[i,1]<-beta"2/(beta”"2+2*beta+2)
Dn_prob[i,2]<- 2*beta/(beta"2+2*beta+2)
Dn_prob[i,3]<-2 /(beta"2+2*beta+2)

16
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Dn_prob

#Dn graphics

n<-6

m<-100

beta<-0.1

Dn_values<-1:(n+1)

Dn_prob<-1:(n+1)

In_beta<-function(n,beta, recursive=TRUE)

{if (n==0) return (1/beta) else return (1/beta+n/beta*In_beta(n-1,beta))}
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}

for (i in 1:(n+1)){Dn_probl[i]<-(Cn_beta(n,beta)*factorial(n)/(beta”i*factorial(n-i+1)))}
title<-paste("'Dn graphics for n=",round(n,1), " and beta=", round(beta,2))
plot(Dn_prob, main=title)

#EDn

In_beta<-function(n,beta, recursive=TRUE)

{if (n==0) return (1/beta) else return (1/beta+n/beta*In_beta(n-1,beta))}
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}
EDn<-function(n,beta)

{

Dn_values<-1:(n+1)

Dn_prob<-1:(n+1)

for (i in 1:(n+1))
Dn_prob[i]<-(Cn_beta(n,beta)*factorial(n)/(beta™i*factorial(n-i+1)))
expectation<-0

for (k in 1:(n+1))

{

a_value<-Dn_prob[K]*Dn_values[k]
expectation<-(expectation+a_value)

¥

return (expectation)

}
exp<-EDn(5,0.3)
exp

#EST(n,beta)

beta<-0.3

n<-5

In_beta<-function(n,beta, recursive=TRUE)

{if (n==0) return (1/beta) else return (1/beta+n/beta*In_beta(n-1,beta))}

Cn_beta<-function(n,beta) {1/In_beta(n,beta)}

STn_beta<-function(x,n,beta){Cn_beta(n,beta)*(1+x)"*n*exp(-x*beta)}

EST<- function(n,beta){

expectation<-0

for (iin 0:n) {

expectation<- expectation+Cn_beta(n,beta)*In_beta(i+1, beta, TRUE)* factorial(n)/ (factorial(i)

*factorial(n-i))

}

return (expectation)
}

EST(n,beta)
#ST(n,beta) graphics
beta<-0.3

n<-5

In_beta<-function(n,beta, recursive=TRUE)
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{if (n==0) return (1/beta) else return (1/beta+n/beta*In_beta(n-1,beta))}
Cn_beta<-function(n,beta) {1/In_beta(n,beta)}
STn_beta<-function(x,n,beta){Cn_beta(n,beta)*(1+x)" n*exp(-x*beta)}

m<-10000
STn_beta values<-0:m
T<-100
tvec<-T*0:m/m
for (i in 1:m) {
STn_beta_values[i]<-STn_beta(i*T/m,n,beta) }
freq<-10 # take out every 1000th point in the simulation & plot it
pick<-freq*(0:(m/freq))+1
title<-paste("ST(", round(n,1), ",",round(beta,1), ")")
plot(tvec[pick],STn_beta_values[pick],type="I' xlab="x",ylab="f(x)",main=title,ylim=c(0,0.2))

N<-10

ST _n<-0

ST _beta<-1
ST_simulated<-1:N
for (i in 1:N)

{
ST_simulated[i]<-rgamma(1,ST_n+1,1/ST_beta)
}

#STO1 activation function with scalar input and output
STO1<-function(x){

{if (x<=0) return (0) else return (1-exp(-x))}

}

#STO1_neuron

STO01 neuron<-function(b,x){
z<-0

m<-length(x)

for (i in 1:m)

{

z=(z+x[i]*bli])

}
return (ST01(2))
}

#ST11 activation function with scalar input and output
ST11<-function(x){

{if (x<=0) return (0)

else

return (1-exp(-x)-1/2*x*exp(-x))}

}

#ST11 neuron

ST11 neuron<-function(b,x){
z<-0

m<-length(x)

for (i in 1:m)

{
z=(z+x[i]*bli])

}
return (ST11(z))
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#ST21 activation function with scalar input and output
ST21<-function(x){

{if (x<=0) return (0)

else

return (1-exp(-x)-4/5*x*exp(-x)-1/5*x"2*exp(-x))}

}

#ST21 neuron

ST21 neuron<-function(b,x){
z<-0

m<-length(x)

for (i in 1:m)

{
z=(z+x[i]*b[i])

}
return (ST21(2))
}

#DSTOL1 activation function with scalar input and output
DSTO01<- function(x) {
if (x>=0)
return(1-1/2*exp(-x))
else
return(1/2*exp(x))

#DSTOL1 neuron
DSTO01_neuron<-function(b,x){
z<-0

m<-length(x)

for (i in 1:m)

{

z=(z+x[i]*bi])

}
return (DSTO01(2))
}

#DST11 activation function with scalar input and output
DST11<- function(x) {
if (x>=0)
return(1-1/2*exp(-x)-1/4*x*exp(-X))
else
return(1/2*exp(x)-1/4*x*exp(x))
}
#DST11 neuron
ST_neuron_OS_1_1<-function(b,x){
z<-0
m<-length(x)
for (i in 1:m)
{
z=(z+x[i]*bl[i])

}
return (DST11(2))
}
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#DST21 activation function with scalar input and output
DST21<- function(x) {
if (x>=0)
return(1-1/2*exp(-x)-2/5*x*exp(-x)-1/10*x2*exp(-x))
else
return(1/2*exp(x)-2/5*x*exp(x)+1/10*x"2*exp(x))

#DST21 neuron
DST21_neuron<-function(b,x){
z<-0

m<-length(x)

for (i in 1:m)

{
z=(z+x[i]*bli])
¥

return (DST21(z))
}

Appendix 2. Code in Python related to ST neurons

def STO1(x):
if x<0:
return 0.0
else:
return(1-math.exp(-x))

def STO1 neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*b[i])
return ST01(z)

def ST11(x):
if x<0:
return 0.0
else:
return(1-math.exp(-x)-1/2*x*math.exp(-x))

def ST11 neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*b[i])
return ST11(z)

def ST21(x):
if x<0:
return 0.0
else:
return(1-math.exp(-x)-4/5*x*math.exp(-x)-1/5*x**2*math.exp(-x))
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def ST21 neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*bl[i])
return ST21(z)

def DSTO1(x):
if x>=0:
return(1-1/2*math.exp(-x))
else:
return(1/2*math.exp(x))

def DSTO1_neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*b[i])
return DST01(2)

def DST11(x):
if x>=0:
return(1-1/2*math.exp(-x)-1/4*x*math.exp(-x))
else:
return(1/2*math.exp(x)-1/4*x*math.exp(x))

def DST11_neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*b[i])
return DST11(z2)

def DST21(x):
if x>=0:
return(1-1/2*math.exp(-x)-2/5*x*math.exp(-x)-1/10*x**2*math.exp(-x))
else:
return(1/2*math.exp(x)-2/5*x*math.exp(x)+1/10*x**2*math.exp(x))

def DST21_neuron(b,x):
z=0
m=len(x)
for i in range(m):
z=(z+x[i]*b[i])
return DST21(z2)

#DSTO1LU activation function with array input and output
def DSTO1LU(x):
output= x
m=len(x[0])
for i in range(m):
if x[0][i]>=0:
output[O][i]=x[0][i]

output[O][i]=(1/2*math.exp(x[0][i])-1/2)
return output
#DSTO1LU neuron

else:
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def DSTO1LU_prime(x):
output= x
m=len(x[0])
for i in range(m):
if x[0][i]>=0:
output[0][i]=1
else:
output[O0][i]=(1/2*math.exp(x[0][i]))
return output
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