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Abstract.
The main aim of this research has been to improve and develop the nonparametric kernel estimation of a
conditional mode under some regularity conditions. Additionally, the choice of bandwidth depended on n and the

location and called local variable bandwidth. Re-Weighted Nadaraya-Watson, M RNW (X) and the local
variable kernel estimator, M L (X ) are compared theoretically and practically. The findings of the comparison

indicates that M L (X ) is better than M RNW (X ), and that’s refers to the strong effect of the bandwidth h(x)

as a smoothing parameter in the local variable estimation. Several simulated and real data applications were used
to prove the accuracy of the results obtained by the Reweighed Nadaraya-Watson estimator and Local Variable
Kernel estimators

Key words: Practical Comparison - Reweighted Nadaraya-Watson- Local Kernel Mode Estimators

Introduction

Kernel estimation refers to a general class of techniques for non—parametric estimation of functions. In
comparison to parametric estimators where the estimator has a fixed functional form (structure) and the
parameters of this function are the only information we need to store, non-parametric estimators have no fixed
structure and depend upon all the data points to reach an estimate (Raid B. Salhal & Hazem I. El Shekh Ahmed,
2015).

A kernel is a weighting function used in non-parametric estimation techniques. Kernel density estimation
is absolutely dependent on kernels to estimate random variables' density functions, or in kernel regression to
estimate the conditional expectation of a random variable. Kernels are also used in time-series applications. (Nan
Yang, et al, 2019)

Kernel density estimation is an alternative statistical intensive method, which involves smoothing the data
while saving the overall structure. It is a good method of reconstructing an unknown population from a random
sample of data, overcomes the problems of histograms, and has many applications in statistics. Kernel density
estimation is considered as a most powerful method that gives accurate results and decreases the expected errors
(De Gooijer, J.and Zerom, D. 2003).

There are certain standard notations it would be convenient to mention in the presentation to be

undertaken here. If, we have a random sample Xl, Xz’ ...... ,Xn from a continuous univeriate distribution
with a probability density function (pdf), that function — which we will be try to estimate, will be denoted here
by f. The probability density function may be considered to be one of the most important concepts in
statistics. Specifying the probability density function f gives a natural description of the distribution of X |

and allows probabilities associated with X to be found from the relation:

P(a<x<b)=i f(x)dx forall a<b @)

The symbol T will be used to denote the estimator of the probability density function f.

In addition and without loss of generality we will integrate the functions over the real line R , using the

symbol | f(.).
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The research problem

This section discusses the development of statistical methods, leading to the kernel density estimation
method and A Comparison of Reweighted Nadaraya-Watson and Local Kernel Mode Estimators. To address this
problem, the study tries to answer the following questions

1. What is the Kernel estimation?
2. What is the of Reweighted Nadaraya-Watson?
3. What are differences between Reweighted Nadaraya-Watson and Local Kernel Mode Estimators?

Kernel density estimation

The kernel density estimation involves placing a symmetrical surface over each point, evaluating the
distance from the point to a reference location based on a mathematical function, and summing the value of all
the surfaces for that reference location. This procedure is repeated for all reference locations (Fan, J. and Q.W.
Yao (2005).

Briefly the kernel estimator can be viewed as a sum of bumps placed at the observations. The key point to
understand how the nonparametric estimators work for the probability density function is to focus first on the
definition of this curve (Fan, J., and T. H. Yim, 2004). The limit concept of ratio between probability mass in
the neighborhood of a point and the “size” of that neighborhood plays an important role when considering what a
simple histogram is doing (Hall, P., J. S. Racine, and Q. Li,2004)

This idea can be easily extended to obtain the moving histogram (or Naive estimator) and, finally, the
kernel density estimator by just giving different weights to the data according to their proximity to the interest
point (Salha, R. and loannides, D. 2004). A mathematical expression for the well-known Parzen kernel density
estimator can be then introduced:

1. Properties of the Kernels

In this section we discuss some essential properties of kernels and give examples of common kernel
functions.

These properties and functions comprise the cornerstone of derivations related to kernel density
estimation.

A Kkernel is a piecewise continuous function, satisfies the condition,

[K(x)dx=1 (3.1)

Moreover, the kernel is always considering to be symmetric around zero, and need not have bounded
support. In most applications K is considered to be a positive unimodal probability density function on R.

2. Properties of the Kernel Density Estimators

The properties of the kernel density estimator

A 1 n X—X.
f(x)=—XK '
(X) Y [ j (32)

h

may be listed as follows:
i.  The unknown density function f () has continuous second derivative f”(x).

ii.  Thebandwidth h=h_satisfies lim h =0, and lim nh =oo.
n n—oo n—owo

iii.  The kernel K is abounded probability density function of order 2 and symmetric about the origin.

. _ 2 _

iv.  [tK(t)dt=0 and [t°K(t)dt=k, #0. (K<)

V. E(Yi| & |Xi=U) <M <o for some & > 2, in a neighborhood of x

The estimator depends on the bandwidth h >0 which acts as a tuning parameter. For large bandwidth

h , the estimate f(x) tends to be very slowly varying as a function of X, while small bandwidths will

produce a more highly variable function estimate. The positivity of the kernel function K (U) guarantees a

positive density estimate T (X) and the normalization | K (X)dx =1 implies that | f (x)dx =1 which is
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necessary for f (X) to be a density function. Typically, the kernel function K (u) is chosen as a probability

density which is symmetric around 0.
3. Kernel Estimation of a Conditional PDF

The goal of conditional density estimation is to construct a density estimate f (y |x ) for a dependent
variable Y , conditional on a vector of variables X . In this section, we investigate various types of

nonparametric kernel methods for estimating the conditional density function f (y |X ) of a random variable y
given a random vector X.
Assume that (X 1’Y1) , (X Y 5 )y (X 2+Y o )\in are an independent identically distributed (i i d

) sample from real-valued random variables (X Y ) sitting on a given probability space with random
variables that share a joint probability density function pdf f (X y) The marginal probability density

function pdf of X, is g If X VY )dy and the conditional probability density function PDF of

Y |, given X, =X,is

f(x,y
f (y|x):(—) (3.3)
g(x)

Conditional density estimation was introduced by Rosenblatt (1969). A bias correction was proposed by
Hyndman, et al. (1996). Fan and Gijbels (1996) proposed a direct estimator based on local polynomial estimation
and Yao (2003). Bandwidth selection rules have been proposed by Bashtannyk and Hyndman (2001), Fan and
Yim (2004), and Hall et al. (2004). The related problem of conditional distribution estimation is examined in a
paper by Hall et al. (1999).

Now, we introduce the basic equation of the kernel conditional density estimation (KCDE). In this case,

interpolation must happen in both the x and y directions gives us a double kernel estimator, K1 and Kz. The

Kernel function K (u) is assumed to be a Borel symmetric function, and {hn} is a sequence of positive

numbers converging to zero. In this study, we use f(x,y),Q(X )and fA(y|x) as estimators of

f (X Y ) g (X) and f (y |X) respectively, where

e (R

n

§()=(oh,)* 3K [;—Xj @)

and,

f(x,
Py p)="00X).
g (x)

To construct the proposed conditional density estimator, we first consider two existing kernel-based
smoothers of the conditional density, and discuss bandwidth selection for the kernel estimator of conditional
density with one explanatory variable. There are several techniques used to investigate some topics of estimation
properties. The methods are compared and a practical bandwidth selection strategy which combines the
methods is proposed. The methods are compared using two simulation studies and a real data set. The next
section deals with methods that intersect and refine the common method used in non-parametric conditional
estimation that is widely known as the Nadaraya-Watson (NW) estimator.
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Comparison of Re-Weighted Nadaraya-Watson and Local Kernel Mode Estimators

According to Cheng, and Wu (2007) the estimation of the conditional mode is a matter of both
theoretical and practical interest. Suppose that (X 1,Y1),(X 2,Y 2),...,(X 0 Y N ) are iid random variables

distributed  as (X Y )with joint pdf  f(X,y). The marginal pdf of X is given by
o0

g(x)=[f (x,y)dy. Also suppose that the conditional pdf of Y given X =x, f (y [X)is

—00
uniformly continuous in Yy, and possesses a unique conditional mode M (X) which is defined as
f (M (x)[x)= max f (y]|x) 4.1)
—o0<y <00

1. Basic Properties and Formulas
Samanta and Tharaneswarar (1990) considered the problem of estimating the conditional mode using the

Nadaraya-Watson (NW) estimator of the conditional density function f NW (y | X ) which is defined as

iKh(x =X ) Ky (v Y5

faw (¥ [X)=5— (4.2)
> Ky (x =X;)
i=1
where K is a kernel function, h = hn is a sequence of positive number converges to zero and it is called the
. 1 :
bandwidth, and where K, (\)=—=K | = |.

Estimating the conditional density function is such a key aspect in the estimation of the conditional mode
that the only way of improving the latter estimation is by improving the former.

Since the Nadaraya-Watson estimator suffers from some disadvantages of producing rather large bias and
boundary effects, two new estimators of the conditional mode has been proposed by improving the estimation of
the Nadaraya-Watson estimator of the conditional density function.

The first estimator is proposed in this research is obtained by using the Re-Weighted Nadaraya-Watson
(RNW) estimator as a weighted version of the NW estimator, which combines the better sides of the local linear
LL estimators such as bias reduction and no boundary effects and to preserved the property of the NW estimator
is always a distribution function.

The RNW conditional density estimator is defined as

) ¥ 7, ()X —X)K, (Y =Y ,)
Fony (¥ 1X) =12 — 43)
Z_;lri (XK, (x =X)

where 7; (X ) denote the probability like weights with properties that

£(x)20, Yz (x)=1,
=1 (4.4)

Sz (X)X, —x)K, (X =X ,)=0

i=1

The role of T (X) is to adjust the (NW) weights such that the resulting conditional density estimator

resembles that from LL estimators.
For more details, see De Gooijer and Zerom (2003).
The second estimator is obtained by using the so-called local variable kernel density estimator,

f_(y [x), which depends on a different bandwidth h (X ), for each point X at which f (y |x) is
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estimated. The bandwidth h (X ) can be chosen such that p (X ) oc , where f (X) is some pilot

f(x)

estimator of f (X ) at the point X . See Wand and Jones (1995, pp. 41). It is defined as
1 0 X —X. y =Y.
rn v F (56
_hiE Lhed) ) Lh(y) s
n X —X.
K 1
Ex vy

and M L of the conditional mode function were proposed in

Two new estimators M ~

w
f (M gyw (X)IX):TS.\),(FRNW (y Ix) (4.6)
and,
f(ML(x)|x)=r;1$<fL(y |x) (4.7)

2. Theoretical Comparison
Let us donate the Re-Weighted Nadaraya-Watson by , M RNW (X) and the local variable kernel

A

estimator by, M L (X ) And In this section, we offer a brief theoretical comparison of M RNW (X ) and

M L (X) the performance of the estimator has been tested using the mean squared errors (MSE) and by

looking at their asymptotic mean squared errors (MSE's) as N —» 00 .
The assumptions underlying these results are standard ones.

Let us supposed that the 3" derivative of f(v|x) exist, then:+ d
Fé (ylx) = 87 F (vlx) /ax oy’
The asymptotic bias and variance of M RNW (X ) and M L (X )are listed below.

MSE :(ML(x)):%[hZ(x)f 00 o) 2y )59 0l |k ()
f(x,M (x ))jj(K (u)K(l)(v))zdudv
h () () 02 (x M (x))|

MSE (Mg () =52 15 (M ()1 )+ 19 (M (3) )] uK ()

Var(ML(x) =

2

f(x,M (x))”(K(u)K(l)(v) dudv

Var (M RNW = 2
ar( (X )) nh4|:f (0,2) (X M (X ))}

The two asymptotic biases and variances differ by the bandwidth, thus they are the same when

h=h (X ) =h (y ) , as will occur when the choice of the local variable bandwidth is
h(X)=—n— and £ (x)=1.
f(x)

This means as the value of f (X ) closer to one, the two asymptotic MSE are closer.

In general, however, the MSE of the two estimators are different and depend on the relation between the
local variable and constant bandwidth.
3. Practical Comparison
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Our study of the practical differences between the local variable kernel (LVKES), M L (X ) and the Re-

Weighted Nadaraya-Watson estimator (RNW), M RNW (X ) of the conditional mode is based on applications

to real life data and simulation study. The standard Gaussian kernel function is used throughout the applications.
3.1. Real Life Data
Consider the Ethanol data, which describes the relationship between the predictor E (Ethanol) and the
response NOx (Nitric Oxide) (Source of the data is in S-Plus program). Figure 1 indicates the relationship is not

linear. The regression relation estimated by using the two estimators M L (X ) and M RNW (X ) A scatter
plot of the data together with the graphs of the two estimations is shown in Figure 1. Figure 1 indicates that

~

M L (X ) fits the data better than M RNW (X )

— LWKestimator
RNW estimator

NOx

06 08 10 12
E

A~

Figure 4.1: (Ethanol Data) Comparison between M (X) and Mgy, (X)

3.2. Simulation Study
A direct comparison between the two estimators is now given using a simulation data. 200 data points

were simulated from the model Y =Ssin277(1—x )2 +Xxe , where € ~N (0,1), and X ~uniform[0,1].

A perfect smooth would recapture the original signals Yy =Sin 2z (1—X )2. A scatter plot of the simulated

data together with the graphs of the perfect smooth and the two estimations are shown in Figure 2. Also, the
performance of the two estimations is tested using the mean square error (MSE), which is defined as
n

(yi-v)
MSE =2 ——

where )7 , Y stand for the predicted values and the actual values respectively and 1 is the size of the data. The

results of this comparison indicates that MSE(M (X )): 0.0145 and MSE(M o,y (X )):0.0335. This

comparison indicates that the M L (X ) estimator is better than M RNW (X )estlmator.
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Ivkmes
o RNW

Conclusion and Future Work

The kernel estimator depends on the bandwidth h and the kernel function, we presented the Reweighted
Nadaraya Watson estimator as a refinement of Nadaraya Watson estimator, by reweighing the probability

weights 7, (X) .
The choice of bandwidth depended on n and the location and called local variable bandwidth.
Re-Weighted Nadaraya-Watson, M .\ (X ) and the local variable kernel estimator, M | (X) are

compared theoretically and practically. The comparison indicates that M L (X) is better than M RNW (X )

and that’s refers to the strong effect of the bandwidth h(x) as a smoothing parameter in the local variable
estimation.

Several simulated and real data applications were used to prove the accuracy of the results obtained by the
Reweighed Nadaraya-Watson estimator and Local Variable Kernel estimators.

In future research of these topics, it may prove fruitful to derive such refined estimators using dependent
data, and different types of kernel function formulas.

Also, more work may be done to see if it is possible to obtain a refined estimator by combining the
advantages the two previous improvements of the (RNW) and (lvke) estimators in a one new estimator.
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Abstract.

Intrusion Detection Systems (IDS) are IT security systems for detecting hostile activity in IT networks
with different use (financial, trade, administration, scientific etc.). When these systems also prevent the hostile
activity, they are called Intrusion Detection and Prevention Systems (IDPS). The models for intrusion detection
can be divided into two groups:

1. Signature verification. In this case, the system detects previously registered intrusion signature.

2. Anomaly detection. In this case, The system looks for abnormal behavior.

Contemporary IDS usually include both signature verification and anomaly detection realized by rule-
based expert system and statistical module correspondingly.

Anomaly detection IDS are mainly in research stage today.

This paper aims at presenting some popular databases of anomalous traffic for estimation of Intrusion
Detection Systems (IDS). KDD’99, MetroSec and ADFA-IDS are presented.

Key words: Intrusion Dtection Systems (IDS), statistical evaluation of IDS, KDD’99, MetroSec, and
ADFA-IDS

Introduction

Intrusion Detection Systems (IDS) are IT security systems for detecting hostile activity in IT networks
with different use (financial, trade, administration, scientific etc.). When these systems also prevent the hostile
activity, they are called Intrusion Detection and Prevention Systems (IDPS). They can be divided into two
groups:

1. Host-based — for detecting hostile activity on host systems. They analyze information from operation
systems and application files captured by software agents.

2. Network based — for detecting hostile activity on networks. They evaluate information from network
communication, analyzing the stream of packets captured by sensors.

The models for intrusion detection can be divided into two groups (Gotseva, Trifonov and Stoynov,
2019):

1. Signature verification. In this case, the system detects previously registered intrusion signature.

2. Anomaly detection. In this case, The system looks for abnormal behavior.

Most IDS commercial tools follow the signature verification detection system. However, they have some
drawbacks (false alarms, signature of the attack can’t be easily discovered, IDS should be periodically updated
with new signatures).

Contemporary IDS usually include both signature verification and anomaly detection modules.

For statistically evaluating Intrusion Dtection Systems IDS in network information security, researchers
need a documented attack database which database generally represents the ground truth (Rindberg et al., 2008).
The evaluation itself counts the number of true positives, true negatives, false positives, and false negatives.

This paper aims at presenting some popular databases of anomalous traffic for estimation of Intrusion
Dtection Systems (IDS). The databases KDD’99, MetroSec and ADFA-IDS are presented.

Database KDD’99

Up to now, the most used database is KDD’99 originating from DARPA project on the off-line analysis
of intrusion detection systems, at the MIT” Lincoln laboratory MIT (2008). A small network was set-up for this
purpose, the aim being to emulate a US Air Force base connected to the Internet. The background traffic was
generated by injecting attacks in well defined points of the network, and collected with TCPDUMP. Traffic was
grabbed and recorded for 7 weeks, and served for IDS calibration. Once calibration was performed, 2 weeks of
traces containing attacks were used to evaluate the performance of IDS under study. This DARPA work in 1998
used a wide range of intrusion attempts, tried to simulate a realistic normal activity, and produced results that
could be shared between all researchers interested in such topic. After some changes, mainly dealt with the use
of more furtive attacks, the use of target machines running Windows NT, the definition of a security policy for
the attacked network, and tests with more recent attacks, this database is used nowadays under the name
KDD’99.

11
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McHugh (2001) published a strong criticism on the procedures used when creating the KDD’99 database,
especially on the lack of verification of the network realism compared to an actual one. Mahoney et Chan (2003)
reviewed into detail the database and showed that the traces were far from simulating realistic conditions, and
therefore, that even a very simple IDS can exhibit very high performance results, performances that it could
never reach in a real environment.

Despite all the disclaimers about this KDD’99 database for IDS evaluation, it is still massively used. This
is mainly due to the lack of other choices and efforts for providing new attack databases.

METROSEC project data

The limitations of the KDD’99 database motivated MetroSec project from the French ACI program on
Security & Computer science, 2004-2007 (MetroSec, 2008) to produce controlled and documented traffic traces,
with or without anomalies, for testing and validating intrusion detection methods Owezarski (2007).

The experimental platform for creating the MetroSec trace database uses the Renater network, the French
network for education and research. Renater is an operational network which is used by a significantly large
community in its professional activity. The laboratories involved in the generation of traces are ENS in Lyon,
LIP6 in Paris, IUT of Mont-de-Marsan, ESSI in Nice, and LAAS in Toulouse. Traffic is captured at these
different locations by workstations equipped with DAG cards Owezarski (2007).

Anomalies studied and generated in the framework of the MetroSec project consist of more or less
significant increases of traffic in terms of volume. Two kinds of anomalies are considered: anomalies due to
legitimate traffic (like flash crowds- FC) and anomalies due to illegitimate traffic, as flooding attacks, generated
by several classical attacking tools.

The anomalies due to illegitimate traffic were DDoS attacks, launched by using flooding attacking tools
(IPERF, HPING2, TRINOO et TFN2K), with changes frequently the attack characteristics and parameters
(duration, DoS flow intensity, size and rate of packets) in order to create different profiles for attacks to be
detected afterwards Owezarski (2007).

Database ADFA-IDS

Another recent dataset is the Intrusion Dataset (IDS) of Australian Defence Force Academy (ADFA) -
ADFA-IDS (Creech and Hu, 2017). It is provided by the University of Arizona Artificial Intelligence Lab and
intended as representative of modern attack structure and methodology to replace the older datasets KDD and
UNM (Creech and Hu, 2013; Tran et al., 2012).

The version of ADFA-IDS used is released on March 27th, 2017 (Haider et al., 2017) as an update to the
original ADFA-IDS made publicly available in 2013 (Creech and Hu, 2013; Creech and Hu, 2014; Haider et al.,
2015). ADFA IDS includes independent datasets for Linux and Windows environments.

ADFA-LD (Linux dataset) was generated on a Ubuntu Linux 11.04 host OS with Apache 2.2.17 running
PHP 5.3.5. FTP, SSH, MySQL 14.14, and TikiWiki were started (Xie and Hu, 2013; Xie et al., 2014).

Table 1 below shows the payloads and vectors used to attack the Ubuntu OS and generate the dataset.

Table 1. The payloads and vectors used to attack
the Ubuntu OS and generate the dataset

PAYLOAD/EFFECT VECTOR

password bruteforce FTP by Hydra

password bruteforce SSH by Hydra

add new superuser Client side poisoned executable

Java based meterpreter Tiki Wiki vulnerability exploit

Linux meterpreter Client side poisoned executable

payload

C100 Webshell PHP remote file inclusion
vulnerability

ADFA-WD (Windows dataset) was genearted on a Windows XP Service Pack 2 host OS with the XP
default firewall enabled for all attacks, and file sharing enabled, a network printer configured, wireless and
Ethernet networking (Haider et al., 2016a; Haider et al., 2016b). Norton AV 2013 was used to scan certain
payloads. FTP server, web server and management tool, and streaming audio digital radio package were
activated.

12
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A target ratio of 1:10:1=normal:validation:attack data was used to guide collection and structuring
activities.
The vectors used here are: TCP ports, web based vectors, browser attacks, and malware attachments
The effects are: Bind shell, reverse shell, exploitation payload, remote operation, staging, system
manipulation, privilege escalation, data exfiltration, and back-door insertion.
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Abstract.

This research dealt with the restrictive Pade’ approximations and restrictive Taylor’s approximations, this
paper contains the definitions of restrictive approximations and computing applications to many problems of
initial and boundary value problems of systems of partial differential equations of parabolic and hyperbolic
types, linear and nonlinear problems also that of variable coefficients and singularly perturbed problems of one
dimension or more. It used restrictive Pade' approximations and Taylor’s approximations which applied on
physical phenomena such as convection-diffusion equations. The suggested method is more efficient and more
accurate than many known methods, also it is of low cost. The local truncation error in our method is less than
that for the classical known methods, in our method it varies from 10-8 to 10-15 while in the classical known
methods it varies from 10-2 t010-9. The efficiency of our method is better than that for Douglass and Rachford
(D.R.) method because of the ratio of the number of systems to be solved between D.R. method and this method
varies from 2: 1 to 10: 1, also their method is more fast than D.R. method because the ratio of the executed time
of their suggested method to D.R. method varies from 1: 2 to 1: 15 the suggested method is considered as an
acceleration technique for the classical finite difference methods ( appending in Elbarbary, 2001).

Key words: Introductory Survey, Recent Restrictive Approximations, Applications, Solutions of Initial
Boundary Value.

Introduction

This research dealt with the restrictive Pade’ approximations and restrictive Taylor’s approximations, this
paper contains the definitions of restrictive approximations and computing applications to many problems of
initial and boundary value problems of systems of partial differential equations of parabolic and hyperbolic
types, linear and nonlinear problems also that of variable coefficients and singularly perturbed problems of one
dimension or more, many of the data and results depended in (Elbarbary, 2001)

1. Approximations and Restrictive Approximations

1.1 Pade” and Taylor Approximations of Scalar Functions

Padé approximations known as PAI, PAIl and PAIIl has been developed in theoretical physics and
mechanics to solve a great number of problems

(Baker G and Morris P, 1981). Several types of the approximations occurred, the famous one is
constructed by segment of Taylor’s series of a studied function, the use of interpolation approximations drawn
through given n-points and using the least squares method which construct the rational function from a given
data.

Let f(x) be has a Maclaurin series

f(x)= icix‘ (1.1)
f9(0) 7

where C, = ———
i
The Padé Approximation (PA) of the function f(x) is denoted by [M, N] ¢x(X), where
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M .
> ax
[MNIi() = —=5—— (1.2)
1+ b
i=1
Such that ay# 0 and by # 0, M and N are positive integers such that
f6)= [M, N]io()+ O(M™).
The Pade” approximants to e®, © real (Smith G, 1985 ):

Assume that e’ is approximated by (1+ p;6)/ (1+q,6), where p; and g, are constants. The determination of

p; and g, requires two equations, which will come from the coefficients of 6, 8?and so the leading error term will
be of order 6°. Hence

o 1+p,0
1+0q,0

e

+C,0° +¢,0% +---
Therefore,
1 2 1 3 3 4
(L+q,0 140+ 207+ 0%+ | =1 0,0+ (1+0,0)c,0° +c,0° +---)
Hence,
1 , (1 1 3,
(@+0q,—p, )0+ §+ql 0° + €+§ql_c‘°‘ 0° + higher order terms = 0.

This is satisfied uniquely to terms of order three by
1 1 1

==, =—— and c;=-—.
pl 2 ql 2 3 12

1+050
The rational approximation m is called the (1,1) Pade™ approximation of order 2 to exp&and has

a leading error term of order 3.
The following table gives the first four Pade” approximants to e’ and their leading error terms:

6D | Rr@ | arorem
(0,1) 1+6 0.56>
02 |1+0+056* | L
6
(1,0) 1 1 0
1-60 2
(11) 1+050 _i03
1-056 12

In general, it is possible to approximate exp& by
g0 _ 1 PO+ P,0° +---+ p, 0"
1+0,0+Q,0° +---+0qs0°
where Cs4141 IS a constant. The rational function
1+ p,@+--+p 0" P(6)
140,08+ +0s6° ) Qs (0)

Where (B, by, ..., br), (@1.Q3. ... 45) can be uniquely determined and T, 5 is given,
(S, T) is called the Pade or [S, T] approximant of order (S+T) to €°.

The classical implicit approximation:

The (1,0) Pade™ approximant approximates V (t+k) = {exp(Ka)}V(t)

S+T+1 S+T+2
+ CS+T+10 + 0(0 )!

RS,T (9) =

by
U(t+k)=(1-kA) u(t).
Premultiplication of both sides by the matrix (I-kA) yields
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(I-kA)u(t+k)=u(t), j=0,1,2,...,
where u(tj+k)=[uy j+1,Uzj+1, ...,uN_lJﬂ]T and matrix A is defined as

-2 1
1 -2 1
1
A == h7
-2 1
1 -2
In details, for zero boundary —conditions,
(1+ 2r) —-r ul‘j+1 ul,j
-r @+2r) -r T Uy,
x| =
uNfz,j+1 uN—Z‘j
1+2r) —r u u
N-1,j+1 N-1,j
—r L+2r)
The i equation gives the implicit or backward-difference scheme
—TU g0 @200, — U, =0, T=10N -1

This is unconditionally stable for all r=k/h? >0.The leading error terms are of order h? in x because of the
2

central-difference approximation to

o and of order k in t.(The leading error term of the (1,0) Pade’
X

approximant to exp(kA) is O(k?)) The method is said to be first order accurate in't .

1.2 Restrictive Approximations of a Scalar Function:

The Restrictive Padé Approximation (RPA) of the Function f(x)

Restrictive Pade™ approximation of a function f(x) is constructed in

(Hassan, Ismail and Elbarbary. 1995) with parameters &;’s to be determined, which if reduces to zero the
classical Padé approximation [2] is obtained. The advantage is that it has zero error at certain points and
consequently relatively small in between.

The restrictive Padé approximation (RPA) of the function f(x) is

M . M+a i
dax + g X
RPA[M,a,N]i(X) = 1= N (1.3)
1+ bx!
i=1

where =0 Vj>aand a=0(1)N i.e., the positive integer o. does not exceed the degree of the numerator, then
f()= RPAIM, @, N]19(x)+ O(x"*™™) (1.4)
and let f(x) have a Maclaurin series (1.1.1)

Then
® ) N ) M ) M+N )
(Zcix'j(lJrZ“bix'j—EZaix'J—[ > giMx'J=O(xM*N+1) (15)
i=0 i=0 i=0 i=M+1
The vanishing of the first (M+N+1) powers of x on the left-hand side of (1.5) implies the system of
(M+N+1) equations:

M

a,=C+Y.C. b .r=0@M ; (b;=0ifj> M)
j=L
N

Cuns + D Cman_jsh) =&nss 15=0);  (G=0ifj<0)
j=1

S.t. we can determine the coefficient a; and b; as a function of £, i = 1(1)a, and let [M,a, N](x)

= f(x;) , ] = 1(1) when this system of (M + N + « +1) linear equations in (M + N + « +1) unknowns has a
solution, it leads to the desired approximation (1.3). If =0, =1(1)c in (1.5) we get the classical Padé
approximation (1.2)
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The RPA can be arranged in a doubly infinite array, each entry of which represents [M, &, N](X) , a <N
for f(x).

The case o = 0 gives the classical Padé approximation table.

The case a =1 gives, for examples, the following selected elements of RPA:

+&X
[0,1, i) = 2%
1+Dbx
where
& —C
aOZCOIb].: - 2!
CO
2
+aX+&X
[1, 1, I]i(x) = ST AXFEX
1+bx
C,(g —C g —C
whereaO:co,a1:c1+M,andb1:g,
G, C,
2
+a,X+&X
[1, 1, 2J¢y(¥) = aoai—b12
1+bx+b,x
2
C C,—C,C,—C.¢& cC,—C.C,—C.¢& C.C,—C,m—C,¢&
where a,= C,, a,= ¢y + o(CC, 032 11),b1: 122 Oszllandbzz 1-3 ~ 22 22 1
CoC, —C; CoC, —C CoC, —C;

The case a = 2, gives, for examples, the following selected elements of RPA:
a, +&X+&,X°
2
1+bx+Db,x
2

C,”" —C,C, —C& +Cy&,
2 H

[0, 2’ 2]f(x)(X) =

& —C
L 1 andb, =
CO CO

and

where a, = ¢, , by =

a, +ax+&Xx* +&,x°
2
1+bx+b,x

[1, 21 2]f(x)(x) =

where

C,C, —C,C; —C&, +Cyé,

2 2 3
2C,C,C, —C,"C; —C,Ci5, +C, 6, —C,") b,
! 2

> =
GG, — G CoC, —C;

a = C , a = and b, =

2
CC; —Cy —G& —Gé&,
2
CoC, =G
For the Local Truncation Error (LTE) form of RPA of the function f(x) of an (n+1)™ derivative, it can
be shown that for every argument x there exists a number 7 in the smallest interval I containing the set of
points {X,, X1, X2, X3, ..., X, X }, Such that

and so on.

—_ — — T (X) a
Ruaon ( X)=F(x )~ Mo NIy ( ) = 5L (R, (7)),
(e +2)!

where 77,41 (X)=X(X-X1) (X-X2) (X-X3) ... (x-X,) and Ry . iS the local truncation error for RPA.

A Restrictive Taylor s Approximation of the Function f(x) (Hassan, Ismail and Elbarbary.2001):

A new approach for an explicit method to solve the parabolic partial differential equation is developed.
This approach will exhibit several advantages features: Highly accurate, fast, and the absolute error still very
small whatever the exact solution is too large. The computational results, which are presented, show that
computing time and memory space are saved with more accuracy. Stability conditions are obtained and utilized
in numerical computations.

One of the strategies for approximation of the function f(x) is by using Taylor’s expansion, which
approximate f(x) by a polynomial of degree n and its truncation error is of order n+1.

f(X) = P (%) + Rosa(X).
In a more extensive form f(x) can be written out as

f(X) = f(a) +12 (x—a) + "2 (x—a)” +..+ @ (x—a)" + R, (X) (L.6)

17



JFAMM-8-2020

where

(n+1)

(£) 1
Rn+l - (n+1)l (X_a-)n+ J 1.7

and & lies between a and x.

In the paper (Hassan, Ismail and Elbarbary.2001) the authors constructed a restrictive type of Taylor’s
expansion of the function f(x) at the point a, with parameter to be determined such that the error equal to zero at
certain point X,. If the parameter reduces to one, we get the classical Taylor’s expansion at the point a. The
advantage is that it has exact value at the points a and x, and relatively small in between.

Consider a function f(x) defined in a neighborhood of the point a, and it has derivatives up to order (n+1)
in this neighborhood.

Then

wxa)=f@+ 2 (x-a)+ 52 (x—a)? +...+ -2 U@ (x—a)" (1.8)
Now, RTn‘ f0 (XO) = f(xo).lt means that the con5|dered approximation is exact at two points a and X,.

Putting
f(X) = RTn10(X) + Rps1(X), (1.9)
where R;.+1(X) is the remainder term of the restrictive Taylor’s series.
In the following Theorem the remainder term R,.;(x) can be expressed in terms of & n™ and (n+1)"
derivatives of the function f(x) at a point ¢ lies between a and x.
Consider the function f(x); f(x) € C™ x el, | is the neighborhood of a point a. The error for
approximation estimated by R.1(x) is given by the formula (1.9), for which
n+1 n+1
Rn+1(X) — g(X a) f (n+1) (5) _ n(g 1)(X a)
(n+1)! (x=S&)(n+1)!

where & € [a,x] and ¢ is a restrictive parameter (Hassan, Ismail and Elbarbary.2001)
Note: £ = 1 gives the classical Taylor’s expansion (1.1.6) and remainder term (1.7) and

_ —nf ()
(X, &) F (@) —nt @ ()

gives the exact value at the point X,, in which Ry+1(X,) =0

1.3 Restrictive Padé and Restrictive Taylor’s Approximation of Matrix Functions:

Padé Approximation of Matrix Functions:

It can be proved the Pade™ approximation of the exponential matrix in many references e.g. (Smith G,
1985) when we study methods of finite differences as in that:

1 YY1
PAeA,[l,l]zl—EAr I+§Ar. (1.10)

Restrictive Pade” Approximation of the Exponential Matrix:
The restrictive Pade’ approximation is used to approximate the exponential matrix exp(rA). The
advantage is that it has the exact value at certain r
The exponential matrix exp(rA) can be formally defined by the convergent power series:
2
Exp (rA) = I+ rA + r—A2 Z An A°=1
2! n=0 n

f0(S)

where A is an ( N-1) x (N-1) matrix.
In the case of restrictive Pade™ approximation of single function the term ¢;
in equation (1.3) can be reduced to the square restrictive matrix € n.1yx(n-1)-
In the case of restrictive Pade™ approximation for matrix function, where

& & 0
& & &

& & &

Eno2 En2 Ene2
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Without loss of generality, the authors chose &;; to be constant in each row i.e., &.1 = &, = &+ and &; =
0 otherwise, for example

-1
RPA[0,1,1]exp(ray(F) = (I + (e —% A)rj (I + (e +% A)rj. (1.11)

Restrictive Taylor’s Approximation of the Exponential Matrix (Hassan, Ismail and Elbarbary.2001):
Consider the exponential matrix exp(xA) in the form (1.10).

In the case of restrictive Taylor’s approximation of single function the term ¢ in (1.1.8) can be reduced to
the square restrictive matrix Y'in the case of restrictive Taylor’s approximation for matrix function, where

& 0
&

&3

En-2

0

for example  RT,,,a (01)(x)=1+x1A.

1.4 Uniqueness and Solvability of Restrictive Approximations

Ismail (2004) introduced a general theory for solvability and uniqueness of the restrictive Pade’
approximation (RPA) and restrictive Taylor’s approximation (RTA). A survey of the individual necessary and
sufficient solvability and uniqueness conditions for fifteen examples of these approximations are given.

Solvability and Uniqueness Condition for RPA:

The author introduced the solvability and uniqueness condition for restrictive Pade™ approximation (1.3) -

( 1.5) for the sufficiently smooth function f(x) is uniquely solvable for 77X # O if the following NxN restrictive
i=1

&N (N-1)x(N-1)

determinant D/ = A=0:

CMta CMsaa CMta-N-1
Crsan CMia CMsa-N+2
A= Crana Cmin-2 Cm
IR R VIR
M+a—1(X1) X1 R\ g2 (Xl) X M+a—-N (Xl)
N-1
RM+a—1(X2) XZRM+a—2 (Xz) e X RM+a—N (Xz)
N-1
RM +a—1(Xa) Xa RM +a—2 (Xa) T Xa RM +a—N (Xa)

where:

: i l i
1. Ry(%) = Po(x) — (), Pa0) = D GX' , C; =5 f0(0),.

i=0

2. The ¢,’s in the first (N-a)-rows and R,(x;)’s in the last a-rows such  that n decreases toward the right.
While the right remaining elements in each row must be zeros. When the last nonzero terms are ¢, or Ry(X)
respectively. i.e k <0 = ¢=0, Pu(xj)= -f(x}), j = 1(1) e,

3. In the case of the absence of the mentioned a-restrictions, it is clear the reduction of this condition
to the well-known C-table C(M,N) in G.A.Bakerwhich discuss the solvability condition for Pade™ appro-
ximations. Similarly it can be defined “The normal Restrictive Pade’ Box” of the tables C(M,a, N) = A4 if none
of these determinants vanish.

Solvability and Uniqueness Condition for RTA:

The restrictive Taylor's approximation is a polynomial satisfying the conditions:

M a
RTf(x)(M,(Z)(X) = zal XI +Z€i XMJrI , XeR (112)
i=0 i=1
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Such that :
RTi(M,@)(x) — f(x) = O™, (1.13)
RTf(X)(M,a)(Xi) = f(Xi) 7x #0, |:1(l)a (114)
where
1. M is a nonnegative integer
2. o is a positive integer

3. f(x)= Zci (x—x,)" for simplicity x,=0=C, :% f(0) i.e. f(x) is sufficiently smooth function
1=0 -

atx =0.

Uniqueness and solvability of restrictive Taylor’s approximation:

Restrictive Taylor’s approximation (1.12)-(1.14) is uniquely solvable if:

Vi, j =1 a; xi=0 , xi =X Vi #].

(Note that putting N = 0 for restrictive Pade™ approximation (1.3) - (1.5) will reduce it to restrictive Taylor
approximation.)

2. Applications of Approximations for IBVP for PDE

We begin with presenting some details and introduce through the advanced proofs that the used numerical
solutions are convergent, from analytical point of view, to the exact solutions.
2.1 Convergence to the exact solution:

In Butcher (2008) proved that LTE Tjyge for the restrictive Pade™ approximation for parabolic type takes
the form:

[w,) + Ok, h?) [ o (0, K) =

(3,00 o), b

e 2 ) 00~ )00, ke

Lo 0~ () + 1), ), - ), ) Je
sl el o0 e

The terms between each square brackets [ 1 will take the form:
Apym - |.(utp )ij (ut'“ )iO B (ut" )io(ut"‘ )ijJ P, m=0(1)e
Using the closed form exact solution: u(x,t)=e'sinx where x=ih, t=jk
A=) [(e‘t sin x)ij (e‘t sinx),, — (e *sin x)io(e‘t sin x)ij |]=0ie it can be shown that
Tijre(h,K) =0 .
It is proved also that LTE Tjre for the restrictive Pade” approximation for hyperbolic type takes the form

(U)o +OKT; 5o (0, K) = {%[(ut )olu,: )". -y ), }‘2
+% (Ut)io (UX4 )ij _(ut)ij (ux“ )io}‘|3
+%[(u12 )io (ux3 )ij h (ut2 )ij (ux3 )io] h*k-- }

The terms between each square brackets [ ] will take the form:

Apm = [0 ol )y = ) (e ) )

The advantages of the restrictive Pade™ approximation can be summarized as follows:
i) The method gives the exact solution if it is known at one level of time, for example at t= Kk, i.e.
u(x,t)=u(ih,k) i=1(1)N.

+
+
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ii) Without knowing the exact solution at one level, they tried to use an approximate, fast efficient and
accurate method with suitable very small step  sizes h and k, to get the needed almost exact solution at specific
level, after which the usual restrictive Pade™ process is continued.

iii) The needed exact solution at the first level need not be in closed form, i.e., we need only a table of the
exact solution at some points.

In (Cohn, D, 2013) the authors obtained similar forms-but simpler- to the above forms. in the study of
Taylor’s approximations

In (Thomas, George B., Jr.; Finney, Ross L. 1996), the authors studied the convergence of the restrictive
Pade’ approximation to the exact solution of nonlinear IBVP for generalized Burger's-Huxley and generalized
Burger's-Fisher equations.

The corresponding LTE for Restrictive Pade method takes the form:

Tiie BRI U+ 1+r+r,s”+1rh% ui-lr 1-Lhom? U,
Tk 202 b2 2 2 "

—}-—Er@+lhaM{%H+@rr+m“+1Hﬁgm—1r@—1hmﬁJ%A
k| 20 2 2o )20 2 )

1

= K re;, (ui,j+1 —U;; )+Ti,j/cn

2.2. Restrictive Padé Approximation for Parabolic Types:

In this section we present the papers [20], [6], [5], and [11].

2.2.1 One Dimensional Case:

Restrictive Pade” Approximation for Parabolic PDEs

The derivation of the method is based on the simple heat—conduction standard problem:

ou 0%
— =77 0sx<X%,t20 (2.1)

ot ox

with the initial and boundary conditions, respectively,
u(x,0) =g(x) 0 <x <xg, u(0,t) =u(xe,t) =0, t>0. (2.2)

The open rectangular domain is covered by a rectangular grid with spacing h and k in the x, t directions
respectively, the grid point (x, t) denoted by (ih, jk) and u(ih, jk) = u;; where i = O(1)N, j is a non —negative
integer.

The exact solution of grid representation of (2.1) is given by

Ui1j+1=eXp(kD2X) ui,j ,
the approximation of the partial derivative D, at the grid point (ih, jk) will take the usual form:

szu:h_z (Ui-1,j-2U;j + Uira ) (2.3)
Then
- : k
Ut =exp(rA) U, r= e 2
where |
U= (U1,j U2 ,...UN_LJ-)T, Nh = xq
and
-2 1 0
1 -2 1
1 -2 1
A= 25)
1 -2 1
0
1 -2

(N-1)x(N-1)
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using the equation of the RPA [0, 1, 1] exp(ra) t0 approximate the exponential matrix in (2.4), then the vector form

-1
Uit = [I+(g—%Ajrj (I+(g+%AjrjUj:BUj (2.6)

will have the stability condition: -1/3 <rg <1, i= 1(I)N-1.

The desired method is more efficient and more accurate than many known methods; also it is of low cost.
The local truncation error in this method is less than that for classical known methods, in this method it varies
from 107 to 10™ while in the classical known methods it varies from 10 to10” as is done in the enclosed
tables in (Ismail and Elbarbary, 2007). The efficiency of RP method is better than that for Douglas method
because of the ratio of the number of multiplications and divisions between Douglas method and the constructed
method is varies from 10:1 to 61:1, also this method is more fast than Douglas method because the ratio of the
executive time of our desired method to Douglas method varies from 1:8 to 1:33.

2.2.2 Chebyshev Approach

Restrictive Chebyshev Rational Approximation and Applications to Heat-Conduction Problems

According to (Silviu-loan Filip, 2016), arestrictive type of Chebyshev rational approximation is
constructed. It yields more accurate results and exact values at some selected points. Authors used this method to
approximate the exponential function. This approach is applied to define a new implicit finite difference scheme
to parabolic PDEs. This approach will exhibit several advantages features: highly accurate, fast, and the absolute
error still very small whatever the exact solution is too large. Stability conditions are obtained and utilized in
numerical computations. Finally, some numerical results to describe the performance of this approach are given.

In an approximation of a function, the property of the error that is of most importance is the maximum
error (in magnitude) on the interval. Therefore, the major aim of the approximation process of a function is to
make the maximum as small as possible. The rational approximations to a function lead to smaller maximum
error than polynomial approximations. Maehly's method is an algorithm which enables one to convert
Chebyshev series into a rational expressions involving Chebyshev polynomials. The Chebyshev expansion for
the function f(x) is given by

F(x) :%co £3 6T, 0,
i TOIT; 00,

where C. =
: I V1—x2

The Chebyshev rational approximation for the function f(x) will be

iaiTJ’ (%)

Tm,n (X) = j:o—!

> b,T, ()

X,j=0,1,... and Tj(x) = cos(jcosx) is the j" degree Chebyshev polynomial.

where the a;’s and b;’s are to be determined, so that
13 1
a, = EZbici and @, = EZbi (Cry +Cri)s =120 mm), 8, =0, Vr>m.
i=0

In this paper authors developed a technique for generating a rational approximation to a function which
give the exact values at certain selected points. Furthermore, they used the new approach to solve heat-
conduction problems.

Restrictive Chebyshev rational approximation:

The restrictive Chebyshev rational approximation, of the function f(x) due to combining between rational
approximation and interpolation. It can be written in the form:

SaT(0+ > 4. Ti(x)
Tmp,n (X) — i=0 n i=m+1 '
1+ bT(x)

where the a;’s and b;’s are to be determined so that
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m+p

iCiTi (X)£1+ Zn:biTj (X)] - iaiTi () - Z‘gi—mTi (X)

f(X)'Tmp,n (X)= i=0 j=1 i=m+1

1+ Zn:biTi (x)

The coefficients of T;(x), i=0,1,2, ...,(m+n) in the numerator of the right-hand side vanish. Hence
m+p

iciTi (x)[1+ Zn:bjTj (X)J —~ iaiTi () - D& (X = i hT; (X). 2.7)

i=m+1 i=m+n+1

In order to get equations for the a;’s, b;’s and &;’s use the identity,

00T, (0 = (1,00 + T, )

and with this, Eq. (1.2.7) can be rewritten as:

iicibj (Tnj(x)"'Ti_j(X))_(iZ::aiTi (X) + riﬁjgifm-ri (X)j = ihiTi (x), (28)

i=0 j=0 i=m+1 i=m+n+1
where by=1. Then it is obtained

n 1
aO :%Zbici’ al‘ :Ezbl (Cl’+i +C‘r—i‘)’ 721,2,...,7’”,
i=0

1
Em = Ezbi (Cr+i + C‘r_i‘), r=m+lm+2,...m+tn, g-0, vk>I,

which are (n + m + 1) equations in (m + p + n + 1) unknowns, then putting the following interpolating
equations

P — -

T (%) = F(X;), j=12,...1,
which gives a system of | equations. It means that the suggested approximation is exact at | points. Then the (m +
n + p + 1) coefficients, a;, i=0,1,...,m,b;, i=1,2,..., m and g;= 1,2,..., can be obtained from these systems. The
points x;, j=1,2,...,] are chosen such that the error ‘ f(X) = Thn (X )‘ is maximum.

Chebyshev rational approximation of the exponential matrix:
The approximation of the exponential matrix exp(rH) in terms of Cheby-shev polynomials can be defined
as:

exp(rH) = %col +ichj (rH),
j=0

Where To(rH)=I, To(rH)=rH, To.1(rH)=2rHT,(rH)-T,.1(rH) and we can get c; by the orthogonality property of
Chebyshev approximation.
As an example, the Chebyshev rational approximation T, ; up to 15-digits is given by:

T ey = Al 1.004818014180699 + 0.4823222876616465r ~ \ _ 26,
H 1+br 1—0.4622554267229283r Yog+c,

1 1
a, = E(Co +C1b1)’ a =C; +Eb1(co +Cz)r

and the restrictive Chebyshev rational approximation T1,11 has the form

TLE™) = +brA) ™ (a,l +arA), 2.9)
where

2(c, — &) 1 1
bl = _ﬁ’ a, :E(Co +Clbl)’ a =C +Eb1(C0 +Cz),

Restrictive Chebyshev rational approximation for parabolic PDE®:
The derivation of the desired method is based on the simple heat-conduction standard problem (2.1):
with initial and boundary conditions similar to (2.2).
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The exact solution of a grid representation of Eq. (2.1) is given by

82
Ui :exp(k 8)(—2]% (2.10)
where
2
s_zzhiz(gf_éaﬁéaﬁ---} r:hlz. (211)
X

2
If the difference formula, correct to second difference, is substituted for 6_2 , then Eq. (2.11) can be

= e)<p(r5><2)ui,j

Then the following finite difference equation is obtained:
blrUi_1,j+1+(1—2b1r)Ui,j+1 + blrUi+11j+1: alrUi_1,j+(ao—2a1r)Ui,j+a1rUi+1,j (212)
The stability condition takes the form

rewritten as:U, ;.

la, —2a,r|+|2a,r| §
L-2b,r|+[2br| ~

2.2.3 Two Dimensional Case

According to, D. Ambrosi, D, Arioli, G. and Koch (2012), a new accurate fast implicit method for the
finite difference solution of the two dimensional parabolic PDE with first level condition, which may be obtained
by any other method. The stability region is discussed. The suggested method is considered as an accelerating
technique for the implicit finite difference scheme, which is used to find the first level condition. The obtained
results are compared with some famous finite difference schemes and it is satisfactory agreement with the exact
solution.

Equations of motion in fluid mechanics are frequently reduced to parabolic formulations. In addition, the
unsteady heat conduction equation is also parabolic. Also many of the applications parabolic equations arise as
macroscopic descriptions or processes whose microscopic description is essentially probabilistic. Heat flow is
related to the random motion of electrons and atoms. Parabolic equations are also used in economic models to
give a macroeconomics description of market behavior.

The authors examined the suggested scheme, that can be used to solve a simple model of parabolic PDE®,
that is the heat equation, this equation is called the model equation because it can be used to model the behavior
of more complicated parabolic PDE®. The heat equation can serve as a model equation for other parabolic PDE®
such as the boundary layer equations. The model equation under consideration has the following form:

ou o*u o
Ao o

in the rectangular domain bounded by 0< x< X, and 0<y<Yy, with specific boundary and initial conditions.

(2.13)

The restrictive Pade™ approximation is used to approximate the exponential form exp(rcSXz) where 5)(2
is the central difference operator.
For example the restrictive Pade™ approximation RPA[1,1] or the exponential form exp(r5f) is given

RPALLL], e, () = (1+ [gi —%53})_ (1+ [gi +%53er .

Various finite difference approximations can be used to represent the derivatives in Eq. (2.13), The
resulting finite difference methods can be classified into two broad categories, explicit or implicit methods. The
explicit methods has the advantages of being simple and easy to program, but the restriction of small time step
usually requires a very large number of

time step. If we apply the simple explicit method to the two dimensional heat equation, the stability
condition reduces to r <0.25 which is twice as restrictive as the one dimension constraint r <0.5 and makes this
method even more impractical. To alleviate this difficulty various implicit methods have been devised. The
resulting system of linear algebraic equations requires substantially more computer time to solve than do a tri-
diagonal system. The difficulties described above, which occur attempting to solve the two dimensional heat
equation by explicit or implicit algorithms, led to the development of alternating-direction implicit (ADI)
methods.

by
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In this paper authors introduced a new implicit method for solving two dimensional parabolic PDE®,
which will exhibit several advantageous features, such as higher accuracy compared with other known methods,
the choice of the time step length is sufficiently large compared with that can be used for the classical schemes,
this allows them to have the solution at high time level and the accuracy has not been lost when the value of the
exact solution is sufficiently large. i.e., the absolute error is sufficiently small whenever the exact solution is
relatively large. Their method is considered as acceleration technique for the classical finite difference methods.

Restrictive Pade Approximation for 2-Dimensional Parabolic PDEs

The derivation of the method is based on the unsteady heat conduction Egs. (2.13). The region to be
examined in (x,y,t) space is covered by a rectilinear grid with sides parallel to axes with h and k the grid spacing
in the distance and time directions respectively. The grid point (xy,t) are given by (ph, mh, nk) where p, m

=0(ON andn=0, 1, 2,... . The function satisfying the difference equation at the grid point is u;’m
The exact difference replacement of Eq, (1.2.13) is given by

o° 0°
T K k< |lun 2.14
(expL ]exp( D i (214)

where 9%/ 0x”is as in (2.11) and so is &%/ dy?.

If the difference formulae, correct to second difference are substituted for 6°/Ox* and 62 /6‘y2 Eq.
(2.14) can be rewritten as:

”+l (exp (r52 )exp (I’52 )),I om» Where I'= hLZ (2.15)

If we use Pade” approximation PA[1, 1] to approximate exXp(ro?) and eXp(r5y2), then we get the
Crank-Nicolson formula (1947):

(1-0.5r87)1—-0.5r57 Jups = (1+0.5r5; )1+ 0.5r57 )up | (2.16)
Also Eqg. (2.15) can be approximate in the form

2 2
ugh = (1+ k?—}(y k gy—] - (2.17)
X

by using PA[O, 1] for the difference operator (1 - (1/12) 5X2+ (1/90) 5;‘ +...), 0% | OX? can be approximated in
the form:
0?1 57
x> h?1+(1/12)57°
similarly
0?1 5)
oy?  h?1+(1/12)52°
Substituting in (1.2.17) and by expanding to given Douglas and Rachford formula:

1=yl 57 1-1fr_1ls ut

2 6 2 6)" )"
“(1+dfrs 5? 1+ 3(ryd i T
2 6 2 6 *

Both these methods in Egs. (1.2.16) and (1.2.18) are unconditionally stable. However, the use of these

methods requires the solution of a large number of simultaneous linear algebraic equations at each time step.
Now using restrictive Pade™ approximation RPA[1,1] to approximate exp(r52) and eXp(r55), then:

(A+&,,F —05r82)A+e,,,r—0.5r87)us

2
=L+, F +05r5)L+e, 1+ 0.5r5%)u’ om

where the constants &, are to be determined. Then we must know an additional condition, (x,y,k) to be given,
i.e., & m must be given such that the truncation error at certain r is zero, after which, use (2.19) for another level

for calculations. Then the method suggested by (2.19) will be stable when re | >—1,p, m=1()N.

(2.18)

(2.19)
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Conclusion

The suggested method is more efficient and more accurate than many known methods, also it is of low
cost. The local truncation error in our method is less than that for the classical known methods, in our method it
varies from 108 to 10™° while in the classical known methods it varies from 102 to10°. The efficiency of our
method is better than that for Douglass and Rachford (D.R.) method because of the ratio of the number of
systems to be solved between D.R. method and this method varies from 2: 1 to 10: 1, also their method is more
fast than D.R. method because the ratio of the executed time of their suggested method to D.R. method varies
from 1: 2 to 1: 15 the suggested method is considered as an acceleration technique for the classical finite
difference methods.
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