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Abstract.

Within the concept of the series, we deal with the subject of calculus. When studying the series, we
explore the limits of series. Also in topology we will refer to series of real numbers Abd Algani (2019); Dirac
(1961); Kozov (2008) proved some results in the sequences of topological spaces. In the present study we will
begin by defining the series in Group X, and present the following claims:

Lemma 1: (X, d) will be a metric space. The series (x,,) converges to the point @ € X if and only if
for every € == O there is a natural number N so that d(xn,a:] < € forevery = N,

Lemma 2: (X, T} will be a topological space and 4  X. If & is a limit point for a series within group
A, then @ belongs to the closed group A.

Lemma 3: f will be a continuous function from the topological space (X, T) to the topological space
(¥,5) and (x,,) will be a series in X that converge to @, then the series [f(xn]) will converge to f(a).

Key words: Topological space, Metric space, Distance.

Introduction

Let's start with defining the function of distance:
Definition 1. Let R be a set of real numbers and @, b will be two elements in group E. We will define
the distance d (@, b) as follows:

d(a,b) = |la— b].
So, d:R — R meets the following four conditions for every @, b,c¢ € R :
1. Non-negativity. d{a, b) = 0
2. dla,b) =0 ifandonlyifa = b
3. Symmetries of d{a, b) = d(b,a).
4, dla,c) = d(a, b) +d(b,c) (triangle inequality)

Definition 2. Let A4 be a partial group of the metric space (A, d), and b will be an element of group A.
The point b is called the limit point of group 44 if each environment N of the point b contains at least one
point of the points A, which is different from b, that is,
Nn(A, —{p)) = @

From the above definition it can be concluded:

If b is a limit point for group A4 then there is a series of points from A4 that aspires to b. But if
b € A, so that there is an environment N to the point b and 45 NN = {b}, then we call the point b, the
isolated point from A;.

Example 1: Let i will be the set of real numbers, and the metric is the matric of the absolute value and
A, =(0,1].

So the O is one of the limit points for group 44and {1,%%, } is a series that converge to 0.

But if the group is 4; = {1,2, 3, ... } then all the points are isolated if we assumed that 7@ € A4 then

1 1Y . . .
(ﬂ —-.n+ ;) is a surrounding for the point 7 and
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1 1
(n _E’TH_E) nA, =1{n}
Definition 3. The function f from the set of natural numbers N to the set X is called a series in X.
It is clear that the function f is a defined group. Here, we will focus on the range of the function and
we will mark it in £ (1) = x,, so that x,is an element of X and we will mark the group with (x,, ).
Definition 4. Let (X, T) be a topological space and (x,,) a series of elements from X. Suppose that
(x,,) is a function that aspires to @ , so that @ € X if and only if for each partial open set A of X contains .

There exists a natural number N so that x,, € A for each 7t = N. In other words, a contains all the elements
of the series except for a finite number of elements.

New results

Lemma 1. (X, d) will be a metric space. The series (,,) converges to the point @ € X if and only if
for every € = 0 there is a natural number N so that d(x,,,a) < € foreveryn = N.

Proof of Lemma 1: Suppose the series [xn:] aspires to point @, and suppose there exists € > 0 | then
the open ball B (@, €) represents an open environment group to the point &, then B (@, €) contains the elements
of the series (xn] That is, there exists a natural number N so that x,, belongs to B (&, €) per t = N. That is
d(x,,a) < € pern = N. This means that the series converges to a.

Lemma 2. (X, T) will be a topological space and 4 E X. If @ is a limit point for a series within group
A, then & belongs to closed group A.

Proof of Lemma 2: x,, will be a series converging to &, so that x,, € A per N.

Suppose U is an open group containing @. That is U contains all the elements of the series [xn] except
for a finite number of elements, then U N A #= @

This leads to & point in a closed group A.

Lemma 3. f will be a continuous function from the topological space (X, T) to the topological space
(¥,.5) and let [xn] be a series in X that converge to @, then the series [f(xn:]) converge to fla).

Proof of Lemma 3: B will be an open group from Y, which contains the point f(a] then f_l(B]is an
open group from X that contains the point €.

That is f_l (B contains all the elements of the series [xn] except for a finite number of elements. This
implies that B contains all the elements of the series [f(xn)) except a finite number of elements,

Then the series £ (f (x,,) ) converges to point £ (a).

References

Abd Algani, Y. (2019). The Topological Connectivity of the Independence Complex of Circular-Arc
Graphs. Universal Journal of Mathematics and Applications, 2 (4), 159-169.

Dirac, G. A. (1961) On rigid circuit graphs, Math. sem. Univ. Hamburg, 25 (1961), 71-76.

Kozov, D. (2008) Combinatorial Algebraic Topology.



JFAMM-9-2021

ST activation function in dynamic systems
Pavel Stoynov,
Technical University, Sofia, Bulgaria
pstoynov@tu-sofia.bg
Perun R&D Academy, Sofia, Bulgariua.
pavel_todorov_stoynov@yahoo.com

Abstract.

In the neural networks, the case of a single neuron arises from regression models. Logistic sigmoid is
the function needed to interpret the output of a network as a probability when the hidden-units activation is
governed by a member of the exponential family.

In this article a new type of non-linear activation functions is proposed based on Switch-Time (ST)
distribution.

Key words: switch-time distribution, activation function, neural networks

Introduction

Artificial Neural Networks (ANN) are very fast developing branch of Artificial Intelligence (Al)
research. Researchers study different kind of neural networks and apply them to different areas of applied
science.

In neural networks, as well as in non-linear regression (which may be considered as a very simple case
of neural network), different kinds of non-linear activation functions are used.

In this article a new type of non-linear activation function is proposed based on Switch-Time (ST)
distribution.

Logistic activation function

The activation function is the function which is applied to the output of a neuron to obtain some specific,
generally non-linear type of transformation of the input signals. We denote it by g(U) and the neuron output is

y = g(u) = g(wx) where the vector X is the neuron input and W is the vector of weights. The function

g(u) should be monotonic with U.
Let us consider a two-class problem in which the class-conditional densities are given by Gaussian
distribution with equal covariance matrices £ =X, = X,. So, for the conditional probability p(X|C,) for X

given membership of class C, , we have

1 TS (e
pxIC) = e 2T k=12,
@n)* 3]

where Ck, k =1,2, are the two classes into which we should classify the observations, d is the dimension of

the distribution and 2, , k =1,2, is the vector of the mean of the Gaussian distribution, corresponding to the

class C, .
Using the Bayes’ theorem, the posterior probability of membership of class C, is given by Bishop
(1994).
x|C,)P(C
P(x|C,)P(C,) + p(x|C,)P(C,) 1+e
where

L PXICIPC)
p(x|C,)P(C,)

So, we have that posterior probability is exactly the logistic sigmoid function
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u)= .
9(u) 1+e™

Thus, the use of logistic sigmoid function provides interpretation of the output as posterior probabilities
and we obtain not only a classification decision but also a probabilistic interpretation.

Switch-Time distributions

Switch-Time (ST) distributions are presented in details by Stoynov (2019). Here we just remember some
basic facts about these distributions.

The random variable & with ST distribution has probability density function
C(n, Be ™ 1L+x)", x>0
(09— { (n. A)e ™ (1+X)

0,x<0,
where C(n, ) are normalizing coefficients for which
1
C(n.p) =
1(n, )
and

I(n,pB) = %Te‘ﬁ‘ L+t)"dt = Te‘ﬁ[ L+t)"dt.

2
In the special case when Nn=0, n=1and Nn=2 we have C(0,8)=4, C@ )= s and

L+1
3
cep=-—b—.
p+20+2
For 1(n, ) we have
1
10,8)=—,
p
g ==+ (-1 g)n=12
1 ﬂ ﬂ ) H tl k)
The proof can be found in Stoynov (2019).
Below we can see some well known special cases of the distribution
1. Exponential distribution: ST (0, ) = Exp(f).
2. Lindley distribution (Lindley): ST (L, £) = L(/). The random variable & with Lindley
distribution has probability density
2
ﬂ—e‘ﬁx(1+ X), x>0
f.(x)=1p+1
0,x<0.
3. The distribution ST (2, ). The random variable & with distribution ST (2, 5) has

probability density

’B—ge’f”x(lJr X), x>0
[(X)=1B°+28+2
0,x<0.
Theorem 1. The probability density function f,(X) for X >0 of the random variable & e ST(n, 5)
can be presented as a mixture of Erlang distributions:
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n+1

fg,(x) = Z:P(Dn =K) ka (x),
k=1
where D" are random variables with parameter n, taking values k =1,...,(n+1) with probabilities

|
P(D" =k) = kC(n,—ﬂ)n k=1...,(n+1),and G* is a random variable with parameter K, having
A(n—k+1)!

distribution G* e F(k,ij = Erlang(k,ij.
B B

Theorem 2. Let & € ST (2, ). Then for the moment generating function M . (s) = Ee* of £ we

have
M, ()= =P,
C(B-s)
X3
here C(X) = d f>s.
where C(x) X% +2X+2 and f
Theorem 3. The characteristic function of the random variable &eST(n,f) is
k!
() =C(n p) ( ] .
¢ Z (ﬂ It)k 1°

The proofs of Theorem 1, Theorem 2 and Theorem 3 can be seen in Stoynov (2019).

Probabilistic interpretation of Switch-Time activation function

Here we present the probabilistic interpretation of one specific type activation function which uses
Switch-Time distribution.
Let us again consider a two-class problem in which the class-conditional densities are given by Gaussian

distribution with equal covariance matrices £ =X, =X,. So, for the conditional probability p(x|C,) for

X given membership of class Ck, we have

1 0T T ()
1 1

(27)2 |Z|?
where Ck, k =1,2, are the two classes into which we should classify the observations, d is the dimension of

P(xIC,) =

the distribution and ¢, , k =1,2, is the vector of the mean of the Gaussian distribution, corresponding to the
class C,.
Using the Bayes’ theorem, the posterior probability of membership of class C, can be presented as
p(x|C,)P(C,)
p(x|C,)P(C,) + P(X|C,)P(C,)
1

“Iicmpe Paryy  oumA)

P(C,[x)=

where
p(x]|C,)P(C,)
P(x|C,)P(C,)
So, we have that posterior probability is exactly the Switch-Time sigmoid function which is a
generalization of the logistic sigmoid function because if we take the parameters N =0 and £ =1, we obtain

exactly the logistic sigmoid function.
Thus, the use of Switch-Time sigmoid function also provides interpretation of the output as posterior
probabilities.

Cn, e ™@A+u)" =
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ST activation function

Here we present different types of activation functions based on ST-distribution.

Using ST-function as activation function was for first time proposed in Stoynov (2021).
Here we present different kinds of ST-functions as activation functions.

ST activation function with threshold zero which uses one-side ST distribution is

jc:(n,b)e*b‘(ln)"dt, Ne =0,
th = 0
0,n, <0.

This function depends on two parameters - N and b. Standard ST-activation functions can be obtained by
different choice of these two parameters.
With n =0 and b =1 we obtain standard exponential activation function with threshold zero:

Mg
.[e’tdt =1-e™,n, >0,
30

kt
0,n, <0.
The graphic of this function is presented on Figure 1.
ST_CDF(0,1)
i T T T T T T
0 2 4 6 8 10

Figl. Standard exponential activation function with zero threshold and parameters N =0 and b =1.
The double-sided ST-distribution has a density function

1C(n,b)e‘bx(1+ X)", X >0,
S,;(X) =
EC(n,b)ebX(l— x)",x <0.

This distribution permits to define activation functions without thresholds with general formula
1 1%

i E+E_[C(n,b)e‘bx(l+ x)"dx, n, >0,
kt

N, = j s(x)dx = 0

% jc:(n,b)eb*(l— x)"dx, n,, <O.

The function depends on two parameters — N and b. Standard ST-activation functions without thresholds
are obtained by selecting different values for these parameters.
The graphics of the density function with N =0 and b =1 is presented in Figure 2.
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ST TWO-SIDE PDF(0,1)
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Fig 2. Two-sided ST-density function parameters N =0 and b =1.

With n =0 and b =1 we obtain standard two-sided exponential activation function, called also Laplace
activation function:

1+1J.e‘xdx:1—1e"‘kt, n, >0,
2 29 2

The graphics of the cumulative distribution function of two-sided ST distribution with parameters N =0
and b =1 is presented in Figure 3.

Conclusion

ST distributions proposed for activation function are alternative of the currently used functions and
distributions. It may be used in two forms - with and without threshold — based on one-sided and two-sided ST
distributions. Also, different values of the parameter N may be chosen with values 0, 1, and 2 giving three
standard types ST activation functions for every of the two forms.

ST TWO-SIDE CDF(0,1)

10

08
I

06
I

04

Fig 3. Two-sided ST cumulative distribution function parameters N =0 and b =1.
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Introduction

In recent decades neural computing was successfully applied in many fields and became object of deep
scientific research. Many concepts here have been inspired by biological networks. But the perspective of
statistical analysis in many cases provides more direct link between the basic concepts.

For example, the case of a single neuron in Artificial Neural Networks (ANN) arises from regression
models.

In this article a new type of non-linear regression model is proposed based on Switch-Time (ST)
distribution and the term stopit regression is defined.

Switch-Time distributions

Switch-Time (ST) distributions are presented in details by Stoynov (2019). Here we just remember some
basic facts about these distributions.

The random variable & with ST distribution has probability density function
C(n, Be ”@1+x)", x>0
(00— { (n. A (1+x)

0,x<0,
where C(n, ) are normalizing coefficients for which
1
C(n p)=
I(n, B)
and

I(n,p) = %Teﬂ‘ (L+t)"dt = Teﬁ‘ (L+1t)"dt.

2
In the special case when Nn=0, n=1and N=2 we have C(0,8)=4, C@p)= ,B'B . and
+

P
C(z'ﬂ)_52+2ﬂ+2'

For 1(n, ) we have

1
I 01 =,
0. 5) y;

I(n,ﬂ):%+%I(n—l,,6’),n:1,2,...

The proof can be found in Stoynov (2019).
Below we can see some well known special cases of the distribution

4. Exponential distribution: ST (0, ) = Exp(5).

5. Lindley distribution (Lindley): ST (L, £) = L(/). The random variable & with Lindley
distribution has probability density

11
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2
P e ™(@1+x), x>0

f.(x)=1p+1
0,x<0.
6. The distribution ST (2, ). The random variable & with distribution ST (2, 8) has

probability density
3
Zﬂ—e‘ﬁx(1+ X), X >0
[(X)=1p°+20+2
0,x<0.

Theorem 1. The probability density function f,(X) for X >0 of the random variable & e ST(n, 5)

can be presented as a mixture of Erlang distributions:
n+1

(=2 P(D" =k)f (¥)

where D" are random variables with parameter n, taking values k =1,...,(n+1) with probabilities

B (n—k +1)!

distribution G* e F(k,ij = Erlang(k,i}
B B

Theorem 2. Let & € ST(2, ). Then for the moment generating function M . (s) = Ee®* of £ we

k=1,...,(n+1),and G is a random variable with parameter K, having

have
M, (5) =~
C(B-s)
XS
here C(X) = d g >s.
where C(x) X% +2X+2 and f
Theorem 3. The characteristic function of the random variable &eST(n,f) is
(N k!
v (t)=C(n, p) ( j—+
: ; k) (B-it)<

The proofs of Theorem 1, Theorem 2 and Theorem 3 can be seen in Stoynov (2019).
The double-sided ST-distribution (DST distribution) has a density function

%C(n,b)e‘bx(ﬂ x)", x>0,

fL0=13
EC(n,b)ebX(l— x)", x <0.

One popular special case is the distribution DST (0, ) known also as two-sided expomnential
distribution or Laplace distribution.

Regression based on Switch-Time distribution — stopit regression

The regression models can be seen as simplest cases of neural networks. The logistic regression assumes
that a binary dependent variables takes two possible values — one or zero — and the probability for taking value
oneis

1

pl - l+ e_(x|ﬁ+ﬁ0)

12
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where we have that Y; = f, + [X; +&; is a linear regression model and the function y =

is the
1+e™

logistic function. This is the so called logit model which is popular for classification in two classes.
An example for another similar model is the Gompit model which assumes that the binary dependent

variable takes values zero and one and the probability for value one is
_o(XiB+po)
p,=1-¢"°

where the distribution of Weibull is used which is also called Gompertz distribution. From this name is derived
the short name gompit model.

As a third example of binary classification we may consider the probit model. In the framework of this
model, the dependent binary variable takes possible values zero and one and the probability for value one is

X B+ P

p =D B+5)= | fH)t,

where @ is the standard cumulative distribution function (CDF) of the normal distribution and f is the
probability density function (PDF) of the normal distribution.
By analogy here a new regression model is proposed (Stoynov, 2021). Here we precise two kinds of the
stopit regression — one-side stopit regression and two-side stopit regression model.
With one-side stopit model it is assumed that the binary dependent variables accepts value one with
probability
X B+Po
jc:(m,b)e-bt L-t)"dt, x, B+ B3, >0,
P =S, (%B+B)) =1 3 I
0, x,+ B, <O0.
where S, is the cumulative distribution function (CDF) of the one-sided Switch-time (ST) with probability

density function f (X) =C(m,b)e ™™ (L—x)", x > 0. Here C(m,b) is the normalizing constant.

At the two-sided stopit it is assumed that the binary dependent variable receives value one with
probability

1 1
_+_

>+ j C(m,b)e**(1+ x)"dx, n,, >0,
0

P = SZ(Xiﬁ_'_ﬁO) =

% J'C(m, b)e™ (- x)"dx, n, <O0.

where S2 is the cumulative distribution function of the two-sided switch-time (ST) distribution.
To estimate the regression coefficient the maximum likelihood method is used. The likelihood function is

L(y[B)= H piyi 1- pi)l_y' .
i1
Here Yy, €{01} and P(y, =1)=p,, correspondingly P(y, =0)=1—p,. Also, we have
Yi = BX; + Py

The natural logarithm of the likelihood function is

InL(y| )=y, Inp, +(1-y,)In0—p,).

i=1
To estimate the parameters f and 3, using the method of the maximal likelihood, we look for

L = InL :
argmax L(y| ) =arg mex inL(y | 5)

13
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When [ is a scalar, we have only one explanatory variable. When £ is a vector, we have several

d
explanatory variables. In this case we have Y, = S, + Zﬂk X;, + &;. For the derivative of the probability p;

k=1
with respect to the explanatory variables X;, in the stopit model we have
op; “b(x;
_afl = C(m,b)e ") (L—x, B+ )" B
ik

1=12,...,n,k=12,...,d.
This partial derivative may be used to identify the characteristics which lead to considerable increase or
decrease of the probability for the corresponding state.

If the estimated p; > 0.5, it is assumed that y; =1. If the estimated p; < 0.5, it is assumed that
y; =0.

The regression model for binary choice can be considered as a special case of a neural network for binary
choice with one neuron.

Conclusion

Stopit regression model based on ST and DST distribution can be successfully used as a non-linear
regression model in many application.
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